
Procedia Engineering 00 (2010) 1–7

Procedia
Engineering
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Abstract

In this paper we propose the mathematical model of a boomerang, flying in undisturbed air.
Formulation of aerodynamic forces and moments is based on the strip theory, which proved to be
quite efficient in problems of dynamics of a rigid body moving in the medium. Equations of mo-
tion of the boomerang are derived and investigated numerically. Trajectories of the boomerang
obtained in numerical experiment are very similar to the trajectories observed in reality.
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1. Formulatiom of a Mathematical Model

1.1. Coordinate Frames. Kinematical Equations

The model of a boomerang, considered in this paper (Fig. 1) differs from the traditional mod-
els (see e.g. [1, 2]). The basic theoretical background used in the formulation of the model have
been taken from the theory of small wind power generators developing by V.A. Samsonov and
his co-authors [3]. The model has four mutually perpendicular wings (shaded in black). Wings
are joined by the holders. We suppose that the construction of the boomerang is completely
symmetric. Therefore point O is the center of mass of the boomerang.

Let us introduce the fixed coordinate system O∗XYZ with the origin at the point O∗ – the
center of mass of the boomerang at start. The O∗X - axis is directed upward, and the direction
of the O∗Y - axis is chosen so that the O∗XY - plane is the plane of throwing. Therefore at the
initial instant the vector V of velocity of the center of mass is in the plane O∗XY . We denote the
unit vectors of this coordinate system by eX , eY , eZ respectively.

We introduce also the coordinate system Oξηζ, where Oζ is the axis of symmetry of the
boomerang. Let exi, eeta, ezeta be the unit vectors of this coordinate system. We define the mutual
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orientation of the systems O∗XYZ and Oξηζ by the Euler angles θ, σ and ψ as follows:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

X
Y
Z

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
p1 p2 p3

λ1 λ2 λ3

δ1 δ2 δ3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ξ
η
ζ

⎫⎪⎪⎪⎬⎪⎪⎪⎭
,

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
p1 p2 p3

λ1 λ2 λ3

δ1 δ2 δ3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
cos θ 0 sin θ
0 1 0
− sin θ 0 cos θ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0
0 cosσ − sinσ
0 sinσ cosσ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
cosψ − sinψ 0
sinψ cosψ 0
0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

Thus, for the components of the angular velocityω of the system Oξηζ we have the following
expressions:

ω = ωξeξ + ωηeη + ωζeζ ,

ωξ = θ̇ sinψ cosσ + σ̇ cosψ, ωη = θ̇ cosψ cosσ − σ̇ sinψ, ωζ = ψ̇ − θ̇ sinσ.

Finally we introduce the coordinate system Oxyz which is rigidly connected with the boome-
rang. The Oz - axis of this system coincides with the axis Oζ. Let e1, e2, e3 be the unit vectors
of this coordinate system. We denote the angle between Oξ and Ox by γ.

Figure 1: The Model of Boomerang Figure 2: Orientation of the Coordinate Systems

Now let us define more precisely the motion of the coordinate system Oξηζ. The position of
the Oζ - axis is completely defined by the position of the axis of symmetry of the boomerang.
We suppose the other two axes Oξ and Oη are directed such that the vector V of velocity of the
center of mass is in the Oηζ - plane during the motion. We denote the angle between V and the
Oη - axis by ϕ (Fig. 2). Therefore, we have the following kinematic equations for the absolute
coordinates of the center of mass of the boomerang:

Ẋ = V (p2 cosϕ + p3 sinϕ) , Ẏ = V (λ2 cosϕ + p3 sinϕ) , Ż = V (δ2 cosϕ + δ3 sinϕ) . (1)

1.2. Dynamical Equations

Let us consider the free motion of a boomerang in an unperturbed air. We suppose that
the boomerang is subjected to the gravity and the distributed system of aerodynamic forces and
moments.

We will write the dynamical equations of motion of the boomerang with respect to the system
Oξηζ. By the impulse-momentum change theorem we get:

m
(
V̇ + ω × V

)
= F + mg. (2)
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Here mg is the gravity force,

F = Fξeξ + Fηeη + Fζeζ

is the resulting vector of aerodynamic forces,

ω = ωξeξ + ωηeη + ωζeζ , V = V
(
eη cosϕ + eζ sinϕ

)
,

V̇ = V̇
(
eη cosϕ + eζ sinϕ

)
+ Vϕ̇

(
−eη sinϕ + eζ cosϕ

)
.

We can rewrite equation (2) in a scalar form:

mV
(
ωη sinϕ − ωζ cosϕ

)
= Fξ − mgp1,

m
[
V̇ cosϕ − V

(
ϕ̇ + ωξ

)
sinϕ

]
= Fη − mgp2,

m
[
V̇ sinϕ + V

(
ϕ̇ + ωξ

)
cosϕ

]
= Fζ − mgp3.

(3)

Solving system (3) with respect to V̇ and ϕ̇ we get:

V̇ =
(
Fη cosϕ + Fζ sinϕ

)
− g (p2 cosϕ + p3 sinϕ) ,

ϕ̇ = −ωξ +
(
Fζ cosϕ − Fη sinϕ

)
/ (mV) + g (p2 sinϕ + p3 cosϕ) /V,

ωζ cosϕ = ωη sinϕ − Fξ/ (mV) + gp1/V.

(4)

Similarly, by the theorem on the change of moment of momentum we have:

Ġ + ω ×G =M, (5)

where M = Mξeξ + Mηeη + Mζeζ is the central aerodynamic moment,

G = Aωξeξ + Aωηeη +CΩeζ , Ġ = Aω̇ξeξ + Aω̇ηeη +CΩ̇eζ , Ω = ωζ + γ̇.

In the scalar form equation (5) can be written as follows:

Aω̇ξ + ωη
(
CΩ − Aωζ

)
= Mξ, Aω̇η + ωξ

(
Aωζ −CΩ

)
= Mη, CΩ̇ = Mζ . (6)

To complete the system of equations (1), (4), (6) we need to obtain the expressions for aero-
dynamic force and moment.

1.3. Mathematical Model for the Force and Moment

Let us briefly describe the method for obtaining the expressions for aerodynamic force and
moment acting on the boomerang. We suppose that the aerodynamic forces acting on the boome-
rang are concentrated only on its wings. Assuming that the wings are similar one to another we
can calculate the corresponding aerodynamic force and moment only for one wing. We choose
one of the four wings and mentally cut it out by two planes perpendicular to the longitudinal
line of the wing. As a result we obtain an elementary part (element s) of the wing with an
infinitesimal thickness. We will find the aerodynamic force and moment acting on this element.
The total aerodynamic influence on the wing can be obtained by integration of the aerodynamic
forces and moments acting on every element of the wing.

Let us assume that aerodynamic force and moment acting on the element s are situated in
the plane of this element. They depend only on Ve f - the projection of velocity of the center of
pressure of the given element onto the plane of this element.
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We choose the center of pressure of the considered element s as a reduction center for the
forces acting on this element. Let us denote by r the radius-vector of the center of pressure of
the given element with respect to the center of mass O. The resulting aerodynamic force acting
on the element s can be represented as a sum of the drag force and the lift force:

ΔF = ΔW + ΔL.

The corresponding aerodynamic moment has the form:

ΔM = r × ΔF.

We can write expressions ΔW and ΔL as follows:

ΔW = −0.5cx (α) ρΔS Ve f Ve f , ΔL cosα = 0.5cy (α) ρΔS
(
Ve f × n

)
× Ve f . (7)

Here ρ is an atmosphere’s density, ΔS is the area of the element s, cx (α) and cy (α) are
dimensionless aerodynamic coefficients. They depend only on the angle of attack α - the angle
between Ve f and the plane Π passing through the longitudinal line of the wing and its chord. Let
n be the normal vector to this plane.

Figure 3: The wing of a boomerang and
aerodynamic forces acting on it Figure 4: Trajectory of the center of mass of a boomerang

In order to calculate the aerodynamic forces ΔW and ΔL we need to determine the angle of
attack α for every element. We suppose that the cross-section of the wing doesn’t change its
form along the wing-span. This means that the centers of pressure of all elements s of the wing
are situated on the straight line K. We consider the wing of the boomerang which is in the first
quadrant of the plane Oxy. Then the Ox - axis has the same direction as the corresponding line
K of this wing. We denote the coordinates of the center of pressure of the given element s by x
and y respectively. Then we can conclude that the y - coordinate is the fixed value while the x -
coordinate is changed from l (1 − ε) to l (see Fig. 1).

As a result we have the following expressions for the radius-vector r and the velocity Ve f :

r = xe1 + ye2,

Ve f = (V cosϕ cos γ + Ωx) e2 +
[
V sinϕ +

(
xωξ + yωη

)
sin γ +

(
yωξ − xωη

)
cos γ

]
e3,

Ve f =

[
(V cosϕ cos γ + Ωx)2 +

[
V sinϕ +

(
xωξ + yωη

)
sin γ +

(
yωξ − xωη

)
cos γ

]2
]1/2

.
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Since the angle α is changed during the boomerang flight we need to express it through the
other variables and parameters of the problem. For this purpose we introduce the fixed angle β –
the angle between the plane Π and the equatorial plane (Fig. 3). Then we can write the vectors n
and n∗ as follows:

n = −e2 sin β + e3 cos β, n∗ = e2 cos β + e3 sin β.

Calculating the corresponding scalar and vector products
(
Ve f · n

)
, Ve f × n, Ve f × n∗ we

obtain the set of relations to determine the angle α:

Ve f sinα = (V cosϕ cos γ + Ωx) sin β −
[
V sinϕ +

(
xωξ + yωη

)
sin γ +

(
yωξ − xωη

)
cos γ

]
cos β,

Ve f cosα = (V cosϕ cos γ + Ωx) cos β +
[
V sinϕ +

(
xωξ + yωη

)
sin γ +

(
yωξ − xωη

)
cos γ

]
sin β.

We will write equations of motion of the boomerang in the dimensionless form. Let us
introduce the dimensionless variables:

ω1 = ωξl/V
2
0 , ω2 = ωηl/V

2
0 , ω3 = ωζ l/V

2
0 , Ω3 = Ωl/V2

0 , u = V/V0,

X1 = X/l, Y1 = Y/l, Z1 = Z/l, x1 = x/l

and the dimensionless time:
τ = V0t/l.

We introduce also the following parameters:

e = y/l, μ = ρS l/m, χ = ml2/A, k = gl/V2
0 , J = C/A.

The equation for the angle α can be written as follows:

sinα =
[
(u cosϕ cos γ + Ω3x1) sin β − (u sinϕ + (ω1x1 + ω2e) sin γ + (ω1e − ω2x1) cos γ) cos β

]
√

(u cosϕ cos γ + Ω3x1)2 + (u sinϕ + (ω1x1 + ω2e) sin γ + (ω1e − ω2x1) cos γ)2
.

Further we will consider the angle α as a small angle. To provide this condition we will
suppose that the variables ϕ, ω1, ω2 and the angle β are also small. Under these conditions we
obtain the approximate formula for α:

α = β − uϕ + (ω1x1 + ω2e) sin γ + (ω1e − ω2x1) cos γ
u cos γ + Ω3x1

and also
cx (α) = cx0 + cx1α

2, cy (α) = cy1α.

We substitute these approximate expressions into the formulae (7). Then we integrate the
obtained expressions for ΔW and ΔL by x1 from 1 − ε to 1. Note that the variables u, ϕ, ω1, ω2,
Ω3 are changed slowly during the whole period of changing of the angle γ : [0, 2π]. Therefore
we can average the obtained expressions with respect to γ. The resulting components of the
aerodynamic force and moment have a very complicated form and we omit them here. Finally
equations of motion of our model of a boomerang can be written as follows:

du
dτ
= 2μεcx1u2βϕ − μeε

(
2cx0 − cy1 + 2cx1

)
uϕω1 − με (2 − ε)

(
cx0 + cx1β

2 + cy1ϕ
2
)

uΩ3+

+
μ

2
ε (2 − ε)

(
2cx0 − cy1 + 2cx1

)
uϕω2 +

μ

2
eε (2 − ε)

(
2cx1 − cy1

)
Ω3βω1+

+
2μ
3

cy1ε
(
ε2 − 3ε + 3

)
Ω2

3βϕ −
μ

3
ε
(
ε2 − 3ε + 3

) (
2cx1 − cy1

)
Ω3βω2 − k

(
p3ϕ + p2

(
1 − ϕ

2

2

))
,
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dϕ
dτ
= −ω1 + μcy1εuβ − μeε

(
cx0 + cy1

)
ω1 − μεcy1 (2 − ε)Ω3ϕ+

+
μ

2
ε (2 − ε)

(
cx0 + cy1

)
ω2 +

2μ
3

cy1ε
(
ε2 − 3ε + 3

) Ω2
3

u
β +

k
u

(
p2ϕ − p3

(
1 − ϕ

2

2

))
,

Ẋ1 = u

(
p3ϕ + p2

(
1 − ϕ

2

2

))
, Ẏ1 = u

(
λ3ϕ + λ2

(
1 − ϕ

2

2

))
, Ż1 = u

(
δ3ϕ + δ2

(
1 − ϕ

2

2

))
,

dω1

dτ
+ Jω2Ω3 + μχeε

(
cx0 + cy1

)
u2ϕ − μχeε (2 − ε) cy1uΩ3β−

−kω2 p1

u
+
μχ

4
ε (2 − ε)

(
ε2 − 2ε + 2 + 2e2

) (
cx0 + cy1

)
Ω3ω1,

ω2

dτ
− Jω1Ω3 − μχ2 ε (2 − ε)

(
cx0 + cy1

)
u2ϕ +

2μχ
3
εcy1

(
ε2 − 3ε + 3

)
uΩ3β+

+
kω1 p1

u
+
μχ

4
ε (2 − ε)

(
ε2 − 2ε + 2 + 2e2

) (
cx0 + cy1

)
Ω3ω2,

dΩ3

dτ
= −μχ

8J
ε (2 − ε)

(
ε2 − 2ε + 2 + 2e2

) (
cx0 − 2cy1 + 2cx1

) (
ω2

1 + ω
2
2

)
+

+
μχ

2J
eε (2 − ε)

(
2cx1 − cy1

)
uβω1 − μχ3J

ε
(
ε2 − 3ε + 3

) (
2cx1 − cy1

)
uβω2+

+
2μχ
3J

ε
(
ε2 − 3ε + 3

) (
2cx1 − cy1

)
Ω3uβϕ − μχ

2J
ε (2 − ε)

(
ε2 − 2ε + 2

) (
cx0 + cx1β

2
)
Ω2

3−
−μχ

2J
ε (2 − ε)

(
cx0 − 2cy1ϕ

2 + cx1β
2 + 2cx1ϕ

2
)

u2.

To complete this system of equations we need to add the kinematic equations:

dθ
dτ
=

sinψ
cosσ

ω1+
cosψ
cosσ

ω2,
dσ
dτ
= ω1 cosψ−ω2 sinψ,

dψ
dτ
=

sinψ sinσ
cosσ

ω1+
cosψ sinσ

cosσ
ω2+ω3

and the expressions for pi, λi, δi, i = 1, 2, 3.

2. Numerical Simulation

The obtained system of equations has been investigated numerically at the following values
of parameters:

χ=1.7, J=2, k=0.00004, e=0.1, μ=0.1, β=0.034, ε=0.2, cx0=0.01, cx1=4, cy1=5.

The initial conditions have been chosen as follows:

u (0) = 1, ω1 (0) = 0, ω2 (0) = 0, Ω3 (0) = 1.5, X1 (0) = 20, Y1 (0) = 0, Z1 (0) = 0,
ϕ (0) = 0, ψ (0) = 0, σ (0) = 0, θ (0) = π/6.

Numerical simulation, performed with the given values of parameters and initial conditions
shows that the center of mass of the boomerang describes the almost periodic trajectory (see
Fig. 4). This trajectory is very similar to trajectories of an actual boomerang. Therefore we
can conclude that the proposed mathematical model of a boomerang describes effectively the
behavior of a boomerang in flight.
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